SYMMETRY OF REIDEMEISTER TORSION ON S C/2-REPRESENTATION 

SPACES OF KNOTS 
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"d^" 

I Abstract. We study two sorts of actions on the space of conjugacy classes of irreducible S U2- 

^SJ ■ representations of a knot group. One of them is an involution which comes from the algebraic 

structure of S U2 and the other is the action by the outer automorphism group of the knot group. 
^ ■ In particular, we consider them on a 1 -dimensional smooth part of the space, which is canonically 

^0 I oriented and metrized via a Reidemeister torsion volume form. As an application we show 

■ that the Reidemeister torsion function on the 1 -dimensional subspace has symmetry about the 

metrization. 



O 



1. Introduction 



This work was intended as an attempt to globally describe Reidemeister torsion as a function 
on the S i72-rcpresentation space of a knot group and show symmetry of the function by con- 
sidering natural actions on the representation space. Reidemeister torsion of a knot associated 
to a linear representation of the knot group is known to coincide with the twisted Alexander 
^ . invariant associated to the representation. Therefore this study also deduces symmetry of the 
On ! twisted Alexander function. See lO, IfTOl . [[12] and [17] for the definition of twisted Alexander 
^ I invariants and the relation with Reidemeister torsion. 

' Let K be an oriented knot in an oriented rational homology 3 -sphere and E the complement 

of an open tubular neighborhood of K. We consider a 1 -dimensional smooth part 'R of the space 
O I of conjugacy classes of irreducible S -representations of niE. (defined in Section[27TJ) For K 
^ I in 5 , is the set of representations which are called regular. In this case Heusener [7] showed 
that 'R carries a canonical orientation and Dubois [[3][, [[4|[ established a canonical volume form 
. T on !^ which induces Heusener's orientation via non-acyclic Reidemeister torsion. The idea of 
rN I regarding non-acyclic Reidemeister torsion as volume forms on representation spaces was first 
I considered by Witten. In [ 19[ he obtained a remarkable formula to compute the volume of the 
moduli spaces of representations of fundamental groups of surfaces in terms of the Reidemeister 
torsion forms. 

In this paper we analogously construct r for ^ in a general rational homology 3-sphere and 
give R an orientation and a Riemannian metric induced by r. Then we consider an involution l 
on 'R which comes from the fact that the center of S Uj is Z/2 and show that i is an orientation 
reversing isometry (Proposition |4.2| ). As a corollary we can detect the distribution of conjugacy 
classes of metabelian representations in R (Corollary 14.41 ). Next we assume that E is irreducible 
and that dE is incompressible and study the action on R by the outer automorphism group 
Out(;ri£'). More precisely, we consider the peripheral structure preserving outer automorphism 
group Ouip{n\E) and show that the induced map \spY by {ip\ e Outp(;ri£') is an isometry on an 
appropriate open subspace R^ G R and that the isometry preserves or reverses the orientation 
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according to a sign 5^ determined by each component D of 'R^ (Theorem 14 .SI ). Here the basic 
ingredient is Waldhausen's theorem which allows us to take a homeomorphism of E associated 
to {ip\. Finally, as a consequence of these results we introduce 2-variable Reidemeister torsion 
Td{s, t) where is a coordinate on a component D of or and show the following symmetry 
of To{s, t). We take a meridional element jx enxE which is compatible with the orientation and 
the natural surjection a: n^E — > H\{E)I ToxH\{E) = (t) which maps /i to t. In the theorem the 
relation ~ means that two functions are equal up to translation on s. 

Theorem 1.1 (Theorem 15 .21) . (i) For any component D of% 

T,(D){s,t) ~ -TD{-s,-t). 

(ii) Suppose that E is irreducible and that dE is incompressible. Let \ip\ 6 0\\ip{niE) such that 
a o ip{p) = t-^ and D a component ofR^^]. Then 

T[tpY(D)(s, t) ~ Td{5^'^ s,t~^). 

This paper is organized as follows. In the next section we explain fundamental facts on 
S i72-representation spaces of niE and on Reidemeister torsion of CW-complexes. Section 3 is 
devoted to construct the volume form r. In Section 4 we study the involution i and the action 
of Outp(;ri£'). In the last section we describe symmetry of the torsion function and have an 
example for the figure eight knot. 

2. Preliminaries 

In this paper all homology groups and cohomology groups are with respect to integral coef- 
ficients unless specifically noted. Let X be a connected CW-complex and p: n^X GLn{R) a 
linear representation over a commutative ring R. We regard R" as a left Z[;riX] -module by 

yv :=p(r)v, 

where y e ttiX and v e R". Then we define the twisted homology group and the twisted 
cohomology group associated to p as follows: 

H^{X-R") := HiiCiX) ®z[;:,x] R"), 
HiiX;R") := //'(Homz[.,x](a(X),i?")), 

where X is the universal covering of X. 

2.1. 5 [/2-representation spaces. We begin by briefly reviewing the 5 f/a-representation 
spaces of knot groups. 

We fix a base point in dE and take a longitude-meridian pair A,fie n\dE which is compatible 
with the orientations. By abuse of notation we use the same letters A, p for the images by the 
natural map uidE n\E. We regard Hom(;ri£', 5 1/2) as a topological space via the compact 
open topology, where n\E carries the discrete topology and SU2 the usual topology. Let us 
denote by K the space of conjugacy classes of irreducible S i72-reprcsentations such that 

d\mH\^^p{E;?,\X2) = 1 and pip) it: +/ 

for any [p] e % where Ad: S U2 — > Aut(5U2) is the adjoint representation and / the identity 
matrix. Note that a representation p: n[E ^ S U2 is irreducible if and only if p is non-abelian. 



SYMMETRY OF REIDEMEISTER TORSION ON 5 f/j -REPRESENTATION SR^CES OF KNOTS 



3 



It is easy to check that if the ambient space of ^ is 5^, then no irreducible S i72-rcprcsentation 
satisfies that p(ju) = +/. 

The representation spaces Hom(;7ri£', S U2) and Hom(;ri£', 5L2(C)) have usual real and com- 
plex affine algebraic structures. We consider the involution cr on 5L2(C) defined by 

CT(A) = (A^y\ 

We also denote by cr the induced involution on Hom(;ri£', 5L2(C)). It can be easily seen that 
the fixed point set Hom(;ri£', 5L2(C))°" is nothing but liom(niE,S U2). Following Weil [[T8l . 
the Zariski tangent space TpHom{niE,S L2{C)) can be identified with a subspace of the vector 
space Z^j_^^(G; 512(C)) of group 1-cocycles by the inclusion given by 



dpt 
dt 



dp,{y)p{y 1) 



dt 



t=0 



where po = P and y e ttiE. Thus we have the inclusion 



(2.1) TpHom{n,E,SU2) = {TpHom{niE,S UiCW' ^ (Z;,„^(G; 512(C)))"- = Z;,„^(G; 5U2). 

We refer the reader to [fT?ll . 

The following proposition can be proved in the same way as in (H Proposition. 1]. Therefore 
we omit the proof. 

Proposition 2.1. (i)The space fi is a l-dimensional manifold. 
(ii)The inclusion in (12.11) induces an isomorphism 

T[p]J^ = /^AdopC^; 5U2). 

For a generator system S = {ji, y,„} of niE, we define a map js'-f^^ R^"'~^ by 

jsilp]) = (trp(yi, ...y,,)), 

where I < ii < ■ ■ ■ < i/, < m. We can also see that js is an embedding for any S . This follows 
from the fact that we can regard !^ as a subspace of the 5L2(C)-character variety of ttiE and 
any point of 'R is smooth. See [|2|| and ^ for the definition of the 5L2(C)-character varieties of 
finitely generated groups. In particular, for any y e n^E, the map ly-. 'R ^ R defined by 

Iy([p]) = tr p(r) 

for [p] e R is a smooth map and for any [p] 6 % there exists y e niE such that /y is an 
embedding in a neighborhood of [p]. 

2.2. Reidemeister torsion. Next we review the definition of Reidemeister torsion, following 
Turaev IfTSl , [16], and introduce normalized Reidemeister torsion for a knot exterior E. 

For given bases v and w of a vector space, we define [v/w] to be the determinant of the base 
change matrix from w to v. 

Let C* = (C„ — > C„-i — > • ■ • ^ Co) be a chain complex of finite dimensional vector spaces 
over a field F. For given bases bj of Im5,+i and hi of Hj{Ct), we can choose a basis bihtbi-i of 
C, as follows. Choosing a lift of in Ker5, and combining it with bi, we obtain a basis bihi of 
Ker5,. Then choosing a lift of bi-i in C, and combining it with bihi, we obtain a basis bihibi-i 
of C 
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Definition 2.2. For given bases c = {c,} of C* and h = {hi} of H^iC^), we choose a basis {Z?,} of 
Im and define 



T(C.,c,/i) :=(-lf-l]^[W,_i/c,] 



n 



i=0 

where 



j=Q i=Q i=0 



It can be easily checked that t(Ch,, c, h) does not depend on the choices of bj and bihibi-i. 
Let X be a connected finite CW-complex with cells {e,}. For two lifts and {e\} in the 
universal covering X, we set 



:= ^(-lf-^'e;M e//i(Z), 



where e^/e, is the element h of Hi(X) such that = e, ■ h. Two lifts {e,} and {e'-} are called 
equivalent if = 0. An equivalence class is called an Euler structure of X and the set of 

Euler structures is denoted by Eul(X). For h e Hi(X) and [{e,}] e Eul(X), let [{e,}] -/z be the class 
of any lift {e,} with {e'-}/{ej] = h. This defines a free and transitive action of H\{X) on Eul(X). 
It easily follows that for any subdivision X' of X, there is a canonical //i(X)-bijection between 
Eul(X) and Eul(X'). By a homology orientation of X we mean an orientation of the homology 
group H^{X; R) = ^ . Hj(X; R) as a vector space. 

Definition 2.3. For a representation p: ;riX — > GL„(F), an Euler structure e and a homology 
orientation o, we define the Reidemeister torsion Tp{X, e, o) associated to p, e and o as follows. 
We choose a lift {e,} of cells {e,} representing e and bases h of //*(X;R) which is positively 
oriented with respect to o and (/i, . . . , /„) of F". Then we define 



Tp(X, e, 0) 




'"),c) if vanishes, 
otherwise. 



where 



To := sgnT(C(X;R), c,/i), 
c := (ei, . . . , edimCiX)), 

c := (gi (g) /i, ei <g> /„,... , edimccx) O /i, • • . , ?rf,-mc.m <^ /«)• 

It is known that Tp{X, e, o) does not depend on the choices of e,, h and (/i, . . . ,/„) and 
Tp{X, e, o) is invariant under cellular subdivision. 

Remark 2.4. For a link exterior of S^, given a presentation of the link group, Reidemeister 
torsion can be computed efficiently using Fox calculus (cf. e. g. [|9l, ifTOl ). 



Turaev defined an involution e i-^ e'' on Eul(X) and a map c: Eul(X) Hi{X) which 
maps e to e/e ' for a compact 3-manifold X whose boundary consists of tori (also for a closed 
odd-dimensional manifold X). The map c satisfies that 

c(e • h) = c(e) + 2h 
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for any h e Hi{X). We identify an infinite cyclic group (t) with Hi(E)/ Tor Hi(E). Let 
a : TTiE (t) be the map which maps fito t and k: Eul(£') — > Z the map defined by 

(2.2) [c(e)] = t'''\ 

It is known that fc(e) is an odd number. (See lHH.) 

Definition 2.5. Let p: n\E S L„(¥) be a representation. We choose e e Eul(£') and then 
define 

fp(t) := t-"-^T„^p{E, e, [yu]}) 6 F^^), 

where a ^p: n^E — > GL„(¥{t)) is a representation which maps y e /Ti^ to a{y)p{y). We call it 
the normalized Reidemeister torsion associated to p. 

Lemma 2.6. The normalized Reidemeister torsion Tp does not depend on the choice of e. 
Proof. From (|2.2I) and the definitions, for any h e Hi{E) with [/z] = t"\ we have 

A;(e • h) = k{t) + 2m, 
r,«p(£, e ■ /z, {[pt], [p\}) = rr^^piE, e, {[pt], [p]}), 

which proves the lemma. □ 

3. Torsion volume forms 

In this section we construct a volume form t on 'R via non-acyclic Reidemeister torsion, 
slightly generalizing Dubois' form in JSl. 



Lemma 3.1. For any [p] G R, 



dim//" r£;5U2) = 0, 



dimHl^(E;5U2) = 1. 



AdopV 
^Ad op( 

Proof. Since p is non-abelian. 



Considering 



we have 



^(-1)' dim //;,„/£; 6U2) = 3x{E) = 0, 



;=0 



dim/^Adop(^; 5U2) = dim/^A^„^(£; SU2) = 1. 



□ 



The Killing form of 5U2 induces non-degenerate cup products 

(3.1) U : //!,„/£; 5U2) X h'-^1^{E, dE; 6U2) ^ Hi,^^{E, dE; 5U2), 

(3.2) Hl^opidE; 6U2) x H'j^^idE; 5U2) ^ //Lop(5£; 5U2). 
Let i/f be the map 

//i,„/£; 5U2) ^ //Lop(5£; 5U2) ^ Hl,^^(dE; 5U2)*, 
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where these maps are the induced homomorphisms by the natural inclusion and (13.21 ) respec- 
tively. For [p] e % we can take unique pairs (Bp, Pp) e (0, n) x 5U2 such that 

p(/i) = / cos 6 + Pp sin 6p, 

where we regard 5U2 as the set of skew- symmetric trace free matrices. Notice that 

Papa-^ = APpA~' 

forAeSUj. 

Lemma 3.2. For any [p] if/ is an isomorphism and 

Hl,^^idE;m2) = RPp. 

Proof. It is easily seen that 

{AdopQu))(Pp) = (AdopiA))iPp) = Pp, 

and so we have 

H%^^{dE;su2) = suf°''"'"''' = RPp, 

where 

^^Adop(..£) ^ ^ . ^^^^^^^^ ^ ^ ^ ^ 

It remains to prove that the homomorphism H^^^^(E; 5U2) Hj^^^^(dE; 5U2) is an isomor- 
phism. From Lemma [3m and (13.11) 

dim Hl^^^{E,dE; 5U2) = dimHl^^^{E; 5U2) = 0. 

Therefore from the long exact sequence for the pair (E, BE) the above homomorphism is sur- 



jective. From (13. 1|) 

dim//Adop(<5^; 5^12) = dim//°d„p(5£; 5U2) = 1 
and from Lemma [3TT] dim //^^^^CE; 5U2) is also 1, which deduces the desired conclusion. □ 

For [p\ e 'R, we set 

hp = r\Pp)- 

Definition 3.3. We choose a lift e,- in E^ of each cell e,- in E^ and a basis (^1,^2, ^3) of 5U2. At 
[p] eKa linear form t^] : T^p^'R — > 1. is defined by 



where 



I ^oT(Q*d op(.E; 5U2), c, {v, hp)) if V ^ 0, 
lO ifv = 0, 



To := sgnT(C-*(£;R), c, {[pt]*, [//]*)), 

, / * * \ 

C .- V^i, . . . , SdimcJ^ 

C := (^1,1, ei,2, ?1,35 ■ ■ ^dimC,(E),\^^dimC.(E),l^ ^dimC,{E),3) 

and dij is a cochain which maps to and e,v to for i' 4^ i. 

It can be checked that the linear form t does not depend on the choices of {e,}, {^1,^2, ^3) and 
p, and so r is well defined as a volume form on R as Dubois' form is. 
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4. ISOMETRIES 

4.1. (-l)-involution. We give the orientation and the Riemannian metric induced by t. 
There is an involution l on Hom(7ri£', S U2) defined by 

t(p)(r) = o:iy)\t=-ipiy), 

for y 6 TTiE. Recall that a is the map niE — > Hi{E)/ Tor Hi{E) = (t). We write p* := i(p) for 
simplicity. 

Lemma 4.1. The involution l induces a dijfeomorphism 'R ^ %. 

Proof. Since we have Ad op* = Ad op and p*(p.) = -pip), i naturally induces an involution on 
91. 



From the observation in Section [27T1 for any point [p] e 'R, there exist y, y' e n\E and 
open neighborhoods i7, U' of [p], [p*] respectively such that l{U) c i7' and Iy\u, Iy>\u> are 
embeddings. Since 

Iy\u' o i o (lyluT^ = a(y')Ui/y o (/ylf/r\ 
the induced map is smooth, which proves the lemma. □ 

By abuse of notation we also denote by i the above induced map. 

Proposition 4.2. The involution i on R. is an orientation reversing isometry, i. e. , 

L T = -T. 

Proof. For any v 6 T[p]R, choose a smooth family {[p,]} e ^ such that v = ^^|,_q, where 
Po = p. Since 



d „, 

= -TPt{y)p{y ) , 

t=Q at f=o 

we obtain l^v) = v by Proposition 12. II (ii) . Considering Pp> = -Pp, we have hp> = -hp. These 
give 

T|p-](t*(v)) = -r|p](v). 

□ 

A representation p of a group G is called metabelian if p([G, G]) is abelian, where [G, G] 
is the commutator subgroup of G. We denote by S the set of conjugacy classes of irreducible 
metabelian S i72-rcpresentations of uiE. 

Proposition 4.3 ( lfT3ll ). Let K be a knot in an integral homology 3-sphere. Then the fixed point 
set oft in the set of conjugacy classes of irreducible S U2-representations is equal to S. 

Since an orientation reversing isometry on an arc or a circle which fixes a point is uniquely 
determined, we immediately deduce the following corollary. 

Corollary 4.4. ( i)If [p] e S is a point on an arc component A of % [p] is a unique point on 
<S n A and [p] is at the center of A. 

(ii)If[p] e S is a point on a circle component C ofR, there are exactly two points onSnC and 
they are antipodal to each other 

Remark 4.5. In ([H Proposition 5. 3.] Boyer, Luft and Zhang show that if E is hyperbolic and 
fibered over S ^ , then S cR. Furthermore, it is implicit from |[8| that if the ambient space of K 
is and the knot determinant |A^(-1)| is a prime number, then S cR. 
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4.2. Automorphism group actions. In this subsection we assume that E is irreducible and that 
dE is incompressible. 

The automorphism group Aut(;7ri£') acts on \lom{n\E,SU2) via puUback. We write (p*p := 
p o (f for (f e Aut(;ri£') and p e liom{niE,S U2). This action naturally induces the action of 
Out(;ri£') on the set of conjugacy classes of representations. For [tp] e Out(;7ri£'), we denote by 
'R[^] the set of [p] e 'R which satisfies that (p*p(ji) 4^ +1. Note that if ^ is a knot in S^, then 
= 'R for any [cp] e Out(;ri£). 

Lemma 4.6. An outer automorphism \ip\ induces a diffeomorphism [(p]* : f^[ip-']- 

Proof. We can proceed analogously to the proof of Lemma I4TT1 

Since there is an isomorphism (p*: H*^^^^{niE; 51I2) H*^^^^,^{niE\ 5U2) induced by ip, [tp] 
induces a map 'R[^} ^^[ip-^]- 

For any point [p] 6 'R^^-^, there exist y, y' eniE and open neighborhoods U c 'R^^^, U' c "^[^-i] 
of [p\, [ip)*p] respectively such that [^pYiU) c U' and Iy\u, Iy\u> are embeddings. Since 

Iy\u' ° M* o (/ylc/)"' = W) ° 
the induced map is smooth, and the lemma follows. □ 

We denote by Outp(7ri£') the set of outer automorphisms which preserve the peripheral struc- 
ture, i. e., 

for [(p] e Outp(niE). For [(p] e OutpiniE), since /I is a generator of Ker({A,p)), there exists 
6 e {+1} such that 

<p{A) = A'. 

Moreover, for [p] e R^^p^, since [pip), (p*p(juy\ = 1, there exist 6' e {+1} and 6' e (0, n) such that 

(p*p(p) = I cose' + 6' Pp sine', 

and so 

P . = S'P 

Definition 4.7. For [(p] e Out piniE) and a component D e R^^], choosing [p] e D, we define 

5f :=66'. 

An easy verification shows that the sign depends only on [(p] and D. 
Theorem 4.8. For [(p] e Outp(niE) and a component D e R[^], the following equality holds: 

Proof. By Waldhausen's theorem there is a homeomorphism / which preserves the base point 
and satisfies that = (p. We take lifts f:E^E and e, c E for each cell e, c E. Then / 
induces an isomorphism /* : Cl^^^(f(Ey, 5U2) Qdo^.-p(^; ^"2) defined by 

We have the following commutative diagram: 

T^,R = Hl,^^{n,E;sU2) = H\,^^{E; ^n^) 



r 
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Let [p] be a point in D. We use the notation of Definition 13.31 and set 

Cf := (fieiy,...,f(edimc,T), 

2/ ■= (/(^i)i>/(^i)2:/(^i)3j • • • , f{^dimC,(E))l' f(^dimC,(E))2, f(^dimC,(E)h), 

where is a cochain in C*^^^^(f(Ey, 5U2) which maps /(e,) to and /(e,/) to for i' + i. 
Using isomorphisms induced by /, we have 

T^,](v) = (sgnT(C-*(/(£); R), c/, {Vpt\\ \ixX)))T{C2i,p(E- 5U2), If, {v,h,)) 

= [[<pmm]ro ■ [K'p/f\h,)]T(CZo^.^(E;m2),cA([<prUv),K'p)) 

= c5K^T[^.p]((M*)*(v)). 

□ 

In the case where the ambient space is 5 ^ the following lemma is useful. 
Lemma 4.9. Suppose K is a knot in S ^. Then for [cp] e Outp{7T[E) and a component D eK, 

<p(ju) =iu-\ 
(5^^ = det^|<^,p). 

Proof. We can write 

ip(M) = A'/', 

where / e Z and S" = + 1 . We can again consider the homeomorphism / in the proof of Theorem 
14.81 Therefore the result of y -surgery along K is homeomorphic to 5^. But by the theorem of 
Gordon and Luecke [5J we have 1 = 0. Now it is easily seen that 

P . = S"P 

which establishes the second equality. □ 

5. Symmetry of torsion functions 

Finally we apply the study in the previous sections to investigate symmetry of the torsion 
function on 'R. 

Definition 5.1. Let D be a component of K or !/?[^] for [(/?] e Out(7ri£'). We fix [po] G D and 
choose [ps\ € D for an appropriate s G R so that 

1 

p*Tdt = s 

for some smooth path p: [0, 1] ^ D from [po] to [p^]. Then we define 

It is clear that the function To is well defined up to translation on s and that for a circle 
component D, is a periodic function on s whose period is Vol D. 

For two functions f{s) and g{s) on open intervals / and 7 c R respectively, we write f{s) ~ 
g{s) if / and J have the same length and there exists 6 R such that f{s) = g{s + sq) for any 
sel. 



I 



10 



T. KITAYAMA 




[^i]' 

Figure 1. The space H of 4i 

Theorem 5.2. ( i) For any component D ofR, 

Tc{D){s,t) ~ -TD{-s,-t). 

(ii) Suppose that E is irreducible and that dE is incompressible. Let {(p\ e 0\xip{niE) such that 
a o (pip) = t-^ and D a component ofR^^]. Then 



T[^Y(D)is, t) ~ Td{6^^ s,t'^^). 



This theorem is a simple corollary of Proposition |4.21 Theorem 14. 81 and the following lemma. 
Lemma 5.3. (i) For p e Hom(;ri£', S U2), 

Tp>{t) = -Tp{-t). 

( ii) Suppose that E is irreducible and that dE is incompressible. Let (p be a peripheral structure 
preserving automorphism such that a o (p(p,) = t-^. Then for p e Hom(;ri£', S U2), 



Proof, (i) is straightforward from the definition and the fact that fc(e) is odd for any e e Eu\{E). 

Suppose the assumptions of (ii). By Waldhausen's theorem we can take a base point pre- 
serving homeomorphism f:E^E such that f* = (p and then / induces an isomorphism 
^(a»p)°V(£. (C^^)!) ^ cT''{f{E); C{tf). Computing torsion of these chain complexes, we obtain 
the desired equality in (ii). □ 

Example 5.4. Let K be the figure eight knot 4i in 5 ^. A presentation of n^E is given by 

nxE = {x,y \ [x~\y]x = y[x~\y]), 

where we can set 

A 

p. = X. 

From the result of Klassen in [fTT| the space of conjugacy classes of irreducible SU2- 
representations is a circle. By direct computations we can check that K coincides with the 
whole space and 

Out(7ri£) = {M M I [^1]' = [^2]' = {VnMV2\f = 1), 



yx V ^x^y V. 
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Figure 2. The function f(s) 
where (pi is induced by an amphicheiral map and defined by 

and (p2 is induced by an inversion map and defined by 

X I ^ X , 

We can check that [(fiY is the orientation reversing isometry whose symmetric axis is orthogo- 
nal to that of t as in Figure [541 and [^2]* is the identity map. Computations give 

Tjiis,t) = t-2fis) + r\ 

where f{s) is a periodic function described in Figure [54l Using the notation in Definition 15. 1[ 
we obtain 

f{s) = trp.Ou). 
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